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UNBOUNDED MULTIPLIERS ON OPERATOR SPACES 



HENDRIK SCHLIETER AND WEND WERNER 



f^^ ' Abstract. We introduce unbounded multipliers on operator spaces. These 

^\J ^ multipliers generalize both, regular operators on Hilbort C*-modules and 

(bounded) multipliers on operator spaces. 



1. Introduction 

Unbounded multipliers play an important role in mathematics, for example in 
the spectral theorem for unbounded self-adjoint operators. In the context of Hilbert 
C*-modules, unbounded multipliers are called regular operators. The definition of 



r^ . such an operator goes back to A. Connes, jConSlj . who defines the notion of a 

self-adjoint regular operator on a C*-algebra. S. L. Woronowicz defines in |Wor91] 
general regular operators on C*-algebras. Regular operators are important in the 
theory of non-compact quantum groups ( |Wor91) . [WN92) ') and can be used to 
define unbounded Kasparov modules in Kasparov's bivariant KK-theoTy ( [BJ83| ). 
In this article, we define unbounded multipliers on operator spaces. On a Hilbert 
C*-module, equipped with a canonical operator space structure, these multipliers 
coincide with the regular operators. Moreover, every bounded left adjointable mul- 
QQ . tiplier on an operator space belongs to the class of unbounded multipliers. 

CO ' We will give several characterizations of unbounded multipliers on operator 

r«^^ , spaces. For example, it turns out that, roughly, every unbounded multiplier on 

(^ ' an operator space is the restriction of a regular operator and that an unbounded 

^^ , multiplier can be characterized using the theory of strongly continuous groups on a 

Hilbert space. As an application we will generalize a pertubation result for regular 
operators on Hilbert C*-modules to operator spaces. 
L^ ■ Most of the results of this paper are from Sch09] . 

^' 
d ' 2. Preliminaries 

For the basic theory of Co-semigroups we refer the reader to [ENOOj . Recall that 
the generator of a Cg-semigroup is unique, densely defined and closed. 

2.1. Regular operators. Let E, F be Hilbert C*-modules over a C*-algebra 2t. 

Definition 2.1. Let A: D{A) C E ^ F he a densely defined, 2l-linear map where 
D{A) denotes the domain of A. Then 

D{A*) ■.= {yeF; 3zy e E Vx e D{A) : {Ax, y) = {x, Zy)} 
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2 HENDRIK SCHLIETER AND WEND WERNER 

is a submodule of F. For all y G D{A*) the element Zy is uniquely defined and 
denoted by A*y. We get an 2t-linear, closed map A* : D{A*) C F ^ E, called the 
adjoint of A, satisfying {x, A*y) ~ {Ax, y) for all x £ D{A) and y G D{A*). 

Definition 2.2. A regular operator is a densely defined, closed, 2t-linear map 
A: D{A) C E ^ F such that A* is densely defined and 1 + A* A has dense image. 
The set of regular operators is denoted by n{E, F). Define n{E) := TZ{E, E). 

The set of regular operators on a Hilbert space H is equal to the set of densely 
defined, closed operators on H . A regular operator A G TZ{E) is called self-adjoint 
(resp. skew- adjoint) HA* —A (resp. A* = —A). For every regular operator 

A G Tl{E,F) we can define the adjointable operator za '■— A(^{1 + A*A) ) 
with ||z^|| < 1. We denote by C(R) the set of continuous functions from M to C 
For self-adjoint regular operators we have the following functional calculus: 



Theorem 2.3 ( |Lan95[ Theorem 10.9]). Let A G n{E) be self-adjoint. Let l he 

1/9 

the canonical inclusion of M. into C and /: M — i- C, A ^-s- A (l + A^) . Then 
there exists a unique * -homomorphism ipA- C(M) -^ T^{E) such that f>A{i-) = A 
and ipAif) = ZA- 

2.2. Stone's theorem for Hilbert C*-modules. Let E he a, Hilbert C*-module 
over a C*-algebra 21. Denote by M{E) the set of adjointable operators on E. The 
following two results are generalizations of |HQVK92l Theorem 2.1 and Proposi- 
tion 2.2] from C*-algebras to Hilbert C*-modules. With some adjustments, the 
proof of the first statement can be transferred to the Hilbert C*-module case. For 
details see |Sch09j . 

Theorem 2.4. Let A G TZ{E) be self-adjoint. Let e* : M — > C, A i-^- exp(iAt), and 
Ut '■= exp(it^) :— ipA{et) for all t G M. Then {Ut)t(£R is a Co-group on E with 
generator lA such that Ut is a unitary element ofM{E) for all t G K. 

Theorem 2.5 (Stone's theorem). Let {Ut)t£R be a Co-group on E such that Ut is 
a unitary element ofM(E) for all < G M. 

(i) There exists a self-adjoint A G Ti-iE) such that Ut = cxp(ity4) for all t G M. 
(a) Lf {Ut)tem. is norm continuous, then A G M{E). 

Proof. We will only prove (i) . Denote by C* (M) the group C*-algebra of the locally 
compact group M. and by K the dual group of R. We have K = R. Let Co(R.) (resp. 
Cc(]R)) denote the set of continuous functions on R vanishing at infinity (resp. with 
compact support). For all / G Cc(R) 

«(/)= f fitptdt 

Jr 

defines an operator in B(£^) and the map a can be extended to * -homomorphism 
d: MiC*(R)) -^ M{E) r |RW98l Proposition C.17]) where M{C*{R)) denotes the 
algebra of double centralizers of the algebra C* (R) . 
Let t G R. Define 

Xt : L\R) ^ L\R), / ^ (s k^ /(s - t)). 

Using the translation invariance of the Lebesgue measure, we get At G Ai{L^(M.)). 
By approximating any / G C*(R) by elements of L^(R), we can define the double 
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centralize! At G M{C*{R)) using At. For all / G CcO^) and x e E we obtain 

a{Xt)a{f)x = a{\tf)x = Uta{f)x 
and thus 

(1) a(At) = Ut. 

The Fourier transform ^ : L'^{R) -^ Co(K) = Co(R) can be extended to a *-iso- 
morphism #: C*(R) -^ Co(M) f |RW98[ Example C.20]). Denote by Cb{M.) the set 
of bounded continuous functions on R. Because there is an embedding of Co(M) 
into M{Co{R)) ^ Cb{R), we can regard # as a map from C*(R) to yW(Co(R)). 
Using |Lan951 Proposition 2.5], we can extend this nondegenerate *-homomorphism 
to a *-homomorphism #: X(C*(R)) -^ M{Cq{R.)) and conclude 

(2) #(At) = et. 

The nondegenerate *-homomorphism (3 := a o <f~^ : Co(R) — > B(i?) extends to 
a *-homomorphism /3: A^(Co(R)) ^> B(_E). Recall that l is the canonical inclusion 
of R into C. Using l e C(R) ^ 7^(Co(R)) QWorQll Example 2]), it follows that 
A := /3(t) is a self-adjoint regular operator on E. One can show that (pA\cb{w.) — $ 
and P o ^ = a. Together with ([2]) und ([1]), we obtain 



exp(iiA) = ^A(et) = /3(et) = /3 (#(At)) = a(At) = Uf 



a 



2.3. Operator spaces. Let _ff be a Hilbert space. Denote by L{H) the algebra of 
linear, continuous operators on H. A (concrete) operator space is a closed subspace 
X of L{H). Let Mm,n{X) denote the space of m x n matrices with entries in X , and 
set Mn{X) := A4n.n{X). We may view the space M„(X) as a subspace of L(_ff"). 
Thus this matrix space has a natural norm for each n G N. Note that operator 
spaces can be characterized intrinsically. 

Let X, Y be operator spaces and a: X ^Y linear. Define 



— ^(") • 



a„ := a 



: M„{X) -^ Mn{Y),x^ (a(x,j))*j, 



called the nth amplification of a. The map a is called completely contractive (resp. 
completely isometric) if a„ is contractive (resp. isometric) for all n G N. Further- 
more, a is called completely bounded if ||a||cb := sup„gpj||a„|| < oo. 

In the following, let X be an operator space. 

The operator space X is called unital if it has a distinguished element ex such 
that there exist a C*-algebra 21 with unit ea and a completely isometric map 
77: X -T- 2t satisfying r]{ex) — ea- Observe that unital operator spaces can be 
characterized intrinsically (' |BN08| . |HN08| ). 

Recall that X is called injective if for every operator space Y C Z and ev- 
ery completely contractive map ip: Y ^ X there is a completely contractive map 
^■. Z ^ X such that $|y — ip. For every operator space X there exists a unique 
injective envelope (I{X),jx), i. e., a completely isometric map jx '■ X ^ H-^) ^^d 
an injective operator space I{X) such that for every injective subspace Y oi I{X) 
satisfying jxi^) C F we have Y = I{X). 

Let X C L{H) be an operator space. We can embed X into an operator system , 
i. e., a self-adjoint closed subspace of L{H) containing id^- To accomplish this we 
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form the Paulsen system 



S{X) := i'^^^" ^J JcAf2(LW). 



H 

There exists a completely contractive map $: M2{L{H)) -^ M2{L{H)) such that 
the image of $ is an injective envelope of the operator space S{X). Moreover, 
I{S{X)) is a unital C*-algebra with multiplication x-y :— ^{xy). Let pi :— idn © 
and p2 := © id// be the canonical projections in I{S{X)). Then pi and p2 are 
orthogonal and corner preserving. Therefore, with respect to pi and p2j we may 
decompose I{S{X)) as 

' hi{x) h2{xy 



I{S{X)) ^^^^^^^, ^^^^^^ 

and have /i2(X) = /(X). 

The following operator spaces will play a crucial role in this article. 

If 21 is a C*-algebra, then the *-algebra M„(2l) has a unique norm such that 
M„(2t) is a C*-algebra. With respect to these norms, 21 is an operator space. 

Let X be an operator space and to, n e N. We can regard Mm.n{X) as a subspace 
of Mp{X) where p :— max{?Ti, n}. Thus Mm_n{X) is an operator space. The set 
Cn{X) := Mn^i{X) is called column operator space. 

Furthermore, every Hilbert C*-module E over a C*-algebra 21 carries the struc- 
ture of an operator space. For every n G N and x £ Mn{E) 

1/2 



(3) ll^^ll. 



\p^ki J -^kj ) 



«J 



defines a norm such that E becomes an operator space. 

2.4. Multipliers on operator spaces. Let us recall some facts about multipliers 
on operator spaces. These multipliers generalize multipliers on C*-algebras. 

Definition 2.6. Let T: X ^ X he linear, 
(i) T is called (left) multiplier on X if there exist a Hilbert space H together 
with a completely isometric map ry: X — > L{H) and a G L{H) such that 
rj{Tx) = ari{x) for all x G X. The set of all multipliers on X is denoted by 
^i{X). 
(ii) For all T G ./#;(X) define the multiplier norm 

||rl|^j(x) '■— iiif{l|ali ; there exist a Hilbert space H, a completely 

isometric map tj: X ^ L{H) and a G L{H) s.t. 

Vx G X : rj{Tx) = a?7(x)|. 

(iii) T is called left adjointable multiplier on X if there exist a Hilbert space H, 
a completely isometric map rj: X ^f L{H) and a map S: X ^ X such that 
T]{Tx)*T]{y) = -r]{x)*T]{Sy) for aU x,y £ X. The set of all left adjointable 
multipliers on X is denoted by £/i{X). 

We have ^i{X) C £/i{X). Moreover, M{X) is a unital C*-algebra. The multi- 
plier algebra of a C*-algebra 21 is isomorphic to ^ (21) . If i<^ is a Hilbert C*-module, 
then 

(4) M{E)^MiE) 
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( |BLM04| Corolarry 8.4.2]). Define 

IMe{X):^{aeIii{X); a-X CX} and 

IM;{X) := IMe{X)nlMe{Xy. 

One can show that XMi{X) (resp. IMJ{X)) is isometrically isomorphic to ^i{X) 
(resp. s^i(X)). 

Left multipliers are characterized intrinsically in the following result: 

Theorem 2.7 ( |Wer041 Corollary 3.13], |BEZ02[ Theorem 1.1]). Let T: X -^ X 

be linear and A > 0. The following assertions are equivalent: 

(a) T e ^liX) satisfies \\T\U,(x) < y- 
(h) The map 

^x\ fxrx\ 

1 ^^ ' ' 

is completely contractive. 



TXT-C2{X)^C2{X),[]v^\ I, 



Proposition 2.8 f [ZarOH Proposition 1.7.6. and 1.7.8]). Let U: X -^ X be linear. 
The following assertions are equivalent: 

(a) U is a unitary element of £^i{X). 

(b) The map 

ru:C2{X)^C,{Xl{^^^(^^" 

is a completely isometric isomorphism. 

(c) There exists a unitary u G IM^{X) such that j{Ux) = u ■ j{x) for all x G X . 

3. Unbounded multipliers on operator spaces 

In this chapter, we will introduce three different definitions of unbounded mul- 
tipliers on an operator space. 

3.1. Unbounded skew-adjoint multipliers. An operator space has less struc- 
ture than a Hilbert C*-module. Therefore, it is not obvious, how to define an 
unbounded multiplier on an operator space. We know that the set M[E) of ad- 
jointable operators is isomorphic to the set s^i{E), where E is equipped with the 
canonical operator space structure of equation ([3]). The fact that skew-adjoint regu- 
lar operators can be characterized using Co-groups fTheorem l2.5l and l2.4p motivates 
the following definition: 

Definition 3.1. (i) An operator A: D{A) C X — > X is called Co-left multiplier 
if A generates a Co-semigroup {Tt)t>o on X satisfying Tt G ^i{X) for all 
t> 0. 
(ii) An operator A: D{A) C X — >■ X is called unbounded skew-adjoint multiplier 

if A generates a Cp-group (t/t)t6R on X satisfying Ut G £/i{X) for all i G M. 
(iii) The set of all Co-left multipliers (resp. unbounded skew-adjoint multipliers) 
on X is denoted by ^[^"(X) (resp. £/i^f{X)). 

Using the fact that t i— ?> e*'^ {A G L{X)) defines a norm-continuous semigroup 
with generator A, we get: 

Proposition 3.2. (i) ^i{X) = {A G .£l^"{X) ; D{A) = X}, 
(ii) {A G ^i(X) ; A skew-adjoint] = {A G ^'^"(AT) ; D{A) ^ X}. 
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In a unital C*-algebra 21 the set of (bounded) multipliers is equal to 7^(21). A 
similar result holds for operator spaces: 

Proposition 3.3. If X is unital, we have 
(i) J^i{X) =.^;^o(X) and 
(a) {A e ^(X) ; A skew- adjoint] = ^'^«(X). 

Proof. We sketch the proof of the inclusion 'D' of (i). Suppose A 6 ^^ (X) 
generates the Co-semigroup {Tt)t>o- There exists a Hilbert space H such that 
X C L{H) and ex = id_ff. Because X is unital, we have ||S'||cb = |t'5'||^j(x) for all 
S e Jli{X) ( |Ble01[ p. 20]). One can see that 

\\Tt - idxil < \\Tt - idxilcb - \\Tt - idx|U,(^) = ll^t(ex) - ex\\ 

converges to for i — !> 0. Thus {Tt)t>o is norm-continuous. Using A = (t n> r/)(0), 
the assertion follows. D 

Theorem 3.4. For a Hilbert C* -module E, we have 

{A £ n{E) ; A skew-adjoint} = s!/i^°{E). 

Proof. Let A e 'JZ{E) be skew-adjoint. Set h :— —iA. Then Ut :— exp{ith) defines 
a Co-group on E with Ut G M{E) = £/i{E) unitary and with generator ih — A due 
to Theorem 12.41 and equation ^ . 

The other inclusion follows with Theorem 12.51 Theorem 12 .41 and the uniqueness 
of the generator of a Co-group. D 

3.2. Unbounded multipliers. In this section we will generalize the definition of 
regular operators on Hilbert C*-modules to operator spaces. 

Let Ai : D{Ai) C X — >■ X be an operator for all i G {1, . . . , 4}. Define 

'Ai A2' 



, ... (DiAi) n DiA^)) X iD{A2) n DiA^)) C C2(X) ^ C2(X), 
{x, y) ^ {Aix + A2y, Aga; -I- A^y). 
Definition 3.5. A map A: D{A) C X — > X is called unbounded multiplier if there 
exists B: D{S) C X ^ X satisfying i ( ^ ^ j e ^;^°(C2(A:)). The set of all 
unbounded multipliers on X is denoted by ^/^"{X). 

Proposition 3.6. (i) M{X) C j^i'^°{X). 
(ii) If X is unital, we have £/i{X) — J2^ "(X). 

Proof, (i) follows using Proposition 13.21 Part (ii) is deduced using Proposition 13.31 
and the following lemma. D 

The following is straightforward using [BPOll Corollary 1.3]: 

Lemma 3.7. Let A: D{A) C X -^ X and B: D{B) C X -^ X be operators 

satisfying A := ( n ) ^ M{C2{X)) and (A)* = A. Then A, B (£ s^i{X) and 

B* = A. 

The following important theorem shows that on a Hilbert C* -module unbounded 
multipliers coincide with regular operators: 
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Theorem 3.8. Let E be a Hilbert C* -module. 

(i) £/f^°{E)^TZ{E). 
(ii) Let A G ^ °{E), and suppose there exists B: D{B) C_ E ^ E such that 

'(b o) ^ ■«^?(^2(^)). Then A* ^ B e TZ{E). 

Proof. We first show (ii) and the inclusion 'C' of (i). Let A e £/i^J'{E) and A := 
A^ 



„ „ , . The direct sum _E ® _E is, equipped with the inner product 
B U / 

a Hilbert C*-niodule. One can show that E (B E is isometrically isomorphic to the 
column operator space C2{E) of E viewed as an operator space. We obtain with 
TheoremlSH A G s://^° {C2{E)) ^ TZ{E ® E) is self-adjoint, thus 



•*=w = U T) 



It follows B^A*e TZ{E). 

The remaining part follows using Theorem 13.41 D 

3.3. Characterizations of unbounded multipHers. Our next goal is to char- 
acterize unbounded multipliers. Let us recall the following two definitions: 

Definition 3.9. Let H, K be Hilbert spaces. A ternary ring of operators (TRO) 
is a closed subspace Z of L{H, K) such that ZZ*Z C Z. A subtriple of a TRO Z 
is a closed subspace Y oi Z satisfying YY*Y C Y. 

Every TRO Z is a full Hilbert C*-module over the C*-algebra Z*Z. Conversely, 
every Hilbert C* -module can be represented faithfully as a TRO. We can view the 
injective envelope L{X) as a TRO. 

Definition 3.10. The triple envelope T{X) of X is the smallest subtriple of L{X) 
containing X. 

We have T{X) = lin{a;i ■ x^- x^ ■ xl- ■ ■ X2n+i ; n > 0,2;i,. . .,X2„+i G JiX)}. 
The following is straightforward from |Har811 p. 341]: 

Lemma 3.11. There exist a Hilbert space K, a unital injective * -representation 
n: I{S{X)) — !> L{K) and closed subspaces Ki, K2 of K such that 

(i) [7r(7"(A'))_?i'i] :~ lin^xy ] x G 7r(7~(A)),y G Ki\ is dense in K2, 
(ii) ['K{r{X))Kl] = {0} and 
(ill) [t:{J{X))K]CK2. 

Definition 3.12. The quadrupel {tt,K,Ki,K2), introduced in Lemma 13.111 is 
called a T{X)- embedding of X. 

In the following theorem it is shown that an unbounded multiplier can be char- 
acterized intrinsically (part (b)) or with the help of a Cp-group on a Hilbert space 
(part (d)) and that an unbounded multiplier is essentially the restriction of a regular 
operator on the Hilbert C*-module T{X) (part (c)). 
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Theorem 3.13. Let {Tr,K,Ki,K2) be a T{C2{X))-em,bedding of C2{X), and set 
■q ■= TT o jc^i^x) ■ C2{X) -> L{K). Let A: D{A) C X ^ X be linear. The following 
assertions are equivalent: 

(a) Ae£/f^''{X). 

(b) There exists a map B: D{B) Q X ^ X such that i „ n ) ® n n ) 56^6''" 

ates a completely contractive Co-group on C2{C2{X)) = C4{X). 

(c) There exists B G TZ{T{X)) with the following properties: 

(i) j o A = -Soj|£,(^) and 
(ii) there exist A, /i > such that the restriction of 

^-\b* o) '"'p- ^' + \B* 

to 3c2{x){C2{X)) is surjective onto jc2(^x)(C2{X)). 

(d) There exist a map B : D{B) ^Z X ^ X such that A :— i{'^^) is densely defined 
with p{A) =^ and a Co-group {bt)tes. consisting of unitary elements of K2 such 
that: 

(i) Lfcj : ri{C2{X)) — > rj{C2{X)),y ^^ bty, and Lb' define Co-groups on the 

space ri{C2{X)) and 
(ii) for the generator C of {Li,^)t(^R, we have r]{D{A)) C D{C). 

Note that part (c).(i) of the above theorem impHes j{D{A)) C D{B). 

A first step in the proof of the above characterization is the following result: 

Theorem 3.14. Let A: D{A) CX^X. Then A e .s^i^J'iX) if and only if A®0 
generates a completely contractive Co-group on C2{X). 



Proof. This follows with Proposition 12.81 D 

With this result we have proven the equivalence of (a) and (b) in Theorem l3.13l 
Thus unbounded multipliers can be characterized using generators of completely 
contractive Co-groups. Such generators are analyzed in the following two theorems, 
which generalize well-known results from the theory of contractive Co-semigroups to 
the setting of completely contractive (c. c.) Co-semigroups on an operator space X. 
With appropriate adjustments, one can prove both theorems. 

Theorem 3.15 (Theorem of Hille-Yosida for c. c. Co-semigroups). An operator 
A: D{A) Q X ^f X is the generator of a completely contractive Co-semigroup if 
and only if A is densely defined and closed, R>o is a subset of the resolvent set p{A) 
of A and 

\\\{\-A)-^\\cb<l forallX>0. 

An operator A: D(A) C X — > X is called completely dissipative if An is dissipa- 
tive for all n E N, i. e., 

II (A - An)x\\ > X\\x\\ for all A > and x e D{An). 

Theorem 3.16 (Theorem of Lumer-Phillips for c. c. Co-semigroups). 
Let A: D(A) E X -^ X he linear and densely defined. Then A generates a com- 
pletely contractive Co-semigroup if and only if A is completely dissipative and there 
exists a X > such that X — A is surjective onto X . 
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Using the two theorems above together with the equivalence of (a) and (b) in 
Theorem |3J^ we obtain: 



Theorem 3.17. Let A: D(A) <Z X ^ X be linear. The following assertions are 
equivalent: 

(a) Ae^^^'^iX). 

(b) There exists B: D{B) <Z X ^ X such that A ■.— \{^^) is densely defined and 
closed satisfying M \ {0} C p{A) and 

|||A|(A-(i®0))"^||^^< 1 /or an A eR\{0}. 

(c) There exists B: D{B) C X — > X with the following properties: 

(i) A := i{^^) is densely defined, 
(a) A © and —A © are completely dissipative and 
(Hi) there exist A, /x > such that X — A and ^ + A are surjective onto C2{X). 

The following result shows that we can lift unbounded multipliers from X to the 
ternary envelope T{X): 

/Co/ 



Proposition 3.18. Let A e ^/^ J'{X) (resp. A e ^, °(X)j. There exists a unique 
B e ^,^°(r(X)) (resp. B e £/i^°{T{X))) such that joA = B o j\o^Ay 



Proof. We will only prove the case A E .s^i si^)- Let (rt)tgR be the Co-group 
generated by A. There exists at G IM^{X) such that j{Ttx) — at -fix) for all 
x£ X. Define St : T{X) -^ T{X),z ^ Of z. We conclude 

(5) \\at ■ {j{x)-j{yr-j{z))~j{x)-j{yr-j{z)\\ < \\TtX - x\\ Wjiy)* ■ j{z)\\ ^ 

for t -^ and for all x,y,z ^ X. Because 

lin {xi ■ X2- X3- xl-- ■ X2n+\ ; n > 0, xi, . . . , X2„+i G j(^)} 

is dense in T{X), it follows with |ENOO| Proposition 1.5.3] that {St)teR is a Co-group. 
Let B denote the generator of (iS't)tgK. We get 

J (Ax) = Imi = B{j{x)) 

for all X G X. The uniqueness of B follows directly from the fact that 

Wj{D{A)),j(x) ■= lin {xi-X2-X3-xl--- X2n+i ; 

n>l,xi ej{D{A)), X2,...,X2n+i e j(^)} 
is a core for B, i.e., H/j(_D(A)),i(x) is dense in D{B) for the graph norm. D 

Using the above proposition together with the Theorems 13.81 and 13.161 we obtain 
the equivalence of (b) and (c) in Theorem 13. 131 

Similar to regular operators, every unbounded multiplier has an adjoint: 

Theorem 3.19. Let A G ^"^"(X). There exists a unique operator A* : D{A*) C 

X ^ X, called the adjoint of A, such that ^ .^ n ) ^ •^i s'i^^i^))- We have: 



yA* ' " ' 

A* e £^i^"{X) and {A*)* = A. 
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Proof. The existence follows directly from the definition of an unbounded multi- 
plier. To show the uniqueness, let Bi: D{Bi) C X ^ X {i E {1,2}) be such 

that Br-=i(?. ^ ) G £/i^J'{C2{X)). Due to Proposition EH we find a regular 

operator Ci e Tl{T{C2{X))) satisfying jo B^ = C'iOj|£,(^i)- Let (t/*'')^^^ be the Cq- 

group generated by Bi. There exits a^ G TM1{X) such that j{T^ x) = a^ ■ j{x) 
for all X G X. Note that Ci is the generator of the Cp-group that is defined 
by S^^: T{X) -^ T{X),z ^ af^ • z. For ah fc £ N U {0}, xi e D{Bi) and 
X2,.-.,X2k+i e C2{X) we obtain with z -.^ j(x2)* ■ jixs) ■ jixi)* ■■■j{x2k+i) 

jm^i)) ■ z = lim "^' ■^'(•^i^)-^'(^i) . , ^ (7,(j-(^i) • z). 

Set W, := W^p(B,)^c.(x)- Using T{C2{X)) - C2(r(X)) ([BLMQl 8.3.12.(4)]), 

^0 *^ 



we conclude that Ci\wi has the same form as Bi, namely i I „ j . Moreover, Wi 

/O *\ 

is a core for Ci. Therefore, Ci has the form i . Using Theorem 13. 8i there 

exists Ci e TZ{T{X)) such that 

a 



a: - i , ^, Q 

The set W :— W^j(_d(a))j(x) is a core for Ci and for C2. Using Ci\w — C2\w, we 
conclude 

Ci ~ Ci\w ~ C2\w ~ C2. 

It follows Ci^C-i, thus Bi = B2 and Bi = B2. 

With (7** = A QLanQSl Corollary 9.4]) and C* e n{T{X)) r |Lan95l Corol- 
lary 9.6]) one can show that 

is skew-adjoint. Using T{X) © r(X) = C2(r(X)), we get C^ e £^^"{C2{T{X))). 



/I * \ 

G ^ °{C2{X)), and the remaining assertions follow. D 



Set Y := Jc2{X)iC2iX)). One can show that C,;|y G i^ "(^), thus we obtain 
'0 A* 
.A 

3.4. Connection to operators on Hilbert spaces. In this section we charac- 
terize unbounded skew-adjoint multipliers using Co-groups on Hilbert spaces. 

Theorem 3.20. Let {tt,K,Ki,K2) be a T{X)- embedding of X and-q :— noj: X -^ 
L{K). Let A: D{A) (~ X ^ X be linear. The following assertions are equivalent: 

raj Ag<«W- 

(b) A is densely defined with p{A) ^ 0, and there exists a Co-group (64)00 of 
unitary elements in L{K2) such that: 
(i) Lbj : ri{X) — !> ri{X), y ^-^ bty and if,* define Cg-groups on r]{X) and 
(a) for the generator C of (Lbj)tgR, we have j{D{A)) C D{C). 

Proof. At first we show that (a) implies (b). Let {Tt)t£R denote the Co-group 
generated by A. There exists at G IM^{X) such that j{Ttx) — at ■ j{x). Define 
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bt :— TT{at)\K2- Because [n{T{X))Ki] is dense in K2, we have ht{K2) C K2. With 
equation ([5|) it follows for all z G T{X) and ^ G Ki 

\\h{^{zm) ~ ^{zmw - ii(^(aOvr(z) - Az)m\\ < Wat -z-zw m\ ^ 

for i — > 0. Therefore (&t)tgK is a Cp-group on K2- Using the theorem of Hille- 
Yosida, we obtain that A is densely defined with p{A) 7^ 0. It is straightforward to 
show (i) and (ii). 

To prove the other direction, define dt'- K -^ K,^ t-^ ^t{PK2{C)) where PK2 
denotes the projection from K onto K2 and St '■= L^^ : "niX) — 7> v{^)- Then it can 
be checked that Tt := r]~^ o St o rj defines a Co-group on X with generator A. D 

With the above theorem, we obtain the equivalence of (a) and (d) in Theorem 
13.131 So we finished the proof of this theorem. 

Proposition 3.21. Let A G £/i J'{X). There exist a Hilhert space K, a completely 
isometric map rj: X ^>- L{K) and a generator C of a unitary Co-group on K such 
that ri(Ax) ^ C o ri{x) for all x G D{A). 

Proof. We use the notation of Theorem l3.20l Using this result, we find a Cp-group 
{bt)teR with the properties stated in Theorem 13.201 Let C be the generator of this 
Co-group. With Theorem 13.201 we get 

t^o t 

for all X G D{A) and £^ E K, thus ri{Ax) —Co rj{x). The assertion follows from 
setting C :=C®0;^_L. D 

3.5. The strict X-topology. In order to transform a Co-group {ht)teR from a 
Hilbert space to an operator space, we have to impose a stronger condition than 
strong continuity on {bt)te& (cf- Theorem 13. 20p . namely 

lim bt o y = y for all y G ri{X). 

In order to formulate this in a more abstract fashion, we introduce the following 
topology for an operator space X C L{Hq, H): 

Definition 3.22. For all a; G X a seminorm is defined by 

p^: L{H) -^R,Th^ \\Tox\\. 

The locally convex topology on L{H), generated by {px)xex, is called the strict 
X-topology. 

The norm topology on L(H) is finer than the strict X-topology on L{H). If X 
is unital and Hq = H, these two topologies coincide. 

The proof of the following proposition is straightforward: 

Proposition 3.23. Let [XHq] be dense in H . The strict X-topology on L{H) is 
finer than the strong topology. 

It is not hard to see that the assumption in the above proposition can always be 
fulfilled by choosing an appropriate embedding of X. 



12 



HENDRIK SCHLIETER AND WEND WERNER, 



Proposition 3.24. Let K be a Hilhert space and rj: X ^ L{K) a completely 
isometric map. Let C: D(C) C_ K ^ K be the generator of a Co-group {bt)teR of 
unitary elements in L(K) such that 
(i) {bt)t converges in the strict rj{X) -topology to iAk for i — > and 
(li) btr]{X),b*r]{X) C r]{X) for all t G R. 

Then there exists A G ^ s''("'^) ^"^^i that 

T^iAxm = C{r^{xm) for all x £ D(A), ^ £ K. 

Proof. The proof is similar to tlie proof of Proposition [2211 D 

3.6. Pertubation theory. Tlie following result generalizes a pertubation result of 
Damaville (jDamM, Proposition 2.1], see also |Dani07l ') from Hilbert C* -modules 
to operator spaces: 

Theorem 3.25. (i) If A e .^[^'>{X) and B e Mi{X) then A + S e .^f^iX). 
(ii) IfAe ■s^i^J'iX) and B e j^i{X) with B* = -B then A + B (^ ■«^^"(^)- 
(lii) If Ae £/i^°iX) and B e MiX) then A + B e ^^°(X). 

Proof Part (i) follows directly with |ENOO[ Theorem III. 1.10]. 

To prove (ii), we notice that there exists A S ji/^ ° {T{X)) — TZ{T{X)) satisfying 
joA = Ao Jl^(^) due to TheoremEm There exists B e £/i{r{X)) = B{r{X)) 
skew- adjoint satisfying j o B — B o j. Using |Dam041 Proposition 2.1], we conclude 
A-^B e J^F? (T(X)). One can show that A-^B e j/;^" (X). 



-\-B e £/^'{T{X)). One can show that A - 
Part (iii) is a consequence of part (ii) . 



D 
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